
1. Introduction

The manufacturing industry faces growing pres-
sure to advance performance and sustainability [1]. 
Driven by cost, quality, and environmental concerns, 
manufacturers are enhancing processes through 
Industry 4.0 and 5.0 innovations, such as AI, IoT, 
digital retrofitting, and flexible systems [1], [2]. These 

advancements improve automation and productivity 
while promoting waste reduction and resource effi-
ciency [2]. A major challenge in modern manufac-
turing lies in managing process failures and non-con-
forming parts [3]. Specifically, defects, often caused 
by process variability or material inconsistencies, lead 
to inefficiencies that impact cycle times and overall 
system performance [3].

The evolving demands of modern industries have driven companies to implement flexible 
manufacturing systems capable of handling multiple product types. Nevertheless, the major-
ity of studies conducted thus far to assess the performance of manufacturing systems are 
limited to single-product due to the complexity of handling multi-product environments. 
Moreover, the majority of these researches rarely consider the rework of non-compliant parts 
as a base for sustainable manufacturing. This paper presents a novel methodology to address 
the problem of assessing the performance of multiple-product manufacturing systems con-
sidering random breakdowns, scrap, and multiple rework attempts. A discrete-time Markov 
chain model is proposed to analyze the stochastic behavior of the manufacturing system. 
Analytical formulations are developed allowing to evaluate several key performance indica-
tors such as throughput, effectiveness, availability, quality ratio, yield, scrapped parts, and 
required quantities of raw parts. A comprehensive simulation model mimics the stochastic 
and dynamic character of these flexible manufacturing systems is also designed. Extensive 
simulation experiments are carried out to validate the proposed analytical models across 
various production scenarios and system configurations, demonstrating the accuracy and ro-
bustness of the proposed approach and the analytical models.     
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Traditionally, manufacturers either scrap defec-
tive parts immediately [4], [5] or attempt to rework 
them to meet quality standards [6]. From the perspec-
tive of environmental responsibility, rework plays a 
crucial role in waste reduction and resource conser-
vation, making it essential for sustainable manufac-
turing [6]. Despite the growing adoption of rework 
strategies by several industries, most of research pri-
marily focus on scrapping non-compliant products, 
to overlooking the complexities of rework modelling 
[7], [8]. While some studies incorporate rework into 
performance assessments, they typically consider ei-
ther a single rework attempt [9] or an infinite number 
of rework cycles [10]. All these studies are limited to 
a single-product manufacturing systems and cannot 
handle specific number of rework attempts for non-
compliant parts.

This paper addresses this serious gap by model-
ling the impact of random failures, repairs, multiple-
rework attempts, and scrap of non-compliant parts 
on the performance of flexible manufacturing sys-
tems producing several product types. Based on a 
discrete-time Markov chain methodology, numerous 
analytical formulae were developed to assess the sys-
tem’s Key Performance Indicators (KPIs) including 
effectiveness, throughput, availability, yield, scrapped 
parts, quality ratio, and required raw part quantities. 

The remnant of this article is structured as fol-
lows. The next section analysis the literature on man-
ufacturing system’s performance under random dis-
turbances caused by breakdowns, rework and scrap. 
Section 3 describes the studied multi-product manu-
facturing system. Sections 4 proposes a discrete-time 
Markov chain-based methodology to model several 
KPIs for multi-product flexible manufacturing sys-
tems prone to random failures, repairs, scrap, and 
specific multiple-rework attempts. A comprehensive 
simulation model is designed in Section 5, and used 
to complement the analytical framework. Numeri-
cal findings are discussed in Section 6.  The work is 
finally concluded, and future research investigations 
are outlined in Section 7.

2. Literature review

In recent decades, extensive research on produc-
tion systems has focused on evaluating and analyz-
ing their performance under various disruptions and 
operational uncertainties [11], [12]. Among these, 
product quality issues are particularly critical, espe-
cially the handling of defective parts detected during 
inspections. These parts can either be immediately 

rejected [13], [14] or reworked to meet quality speci-
fications [6], [9]. Rework, a critical element of quality, 
productivity, and sustainability management, involves 
corrective measures to repair or adjust non-compliant 
parts, ensuring they meet the specified requirements 
[15]. It is widely applied in industries such as semi-
conductors, steel, pharmaceuticals, food, and manu-
facturing [16]. By addressing defects, rework reduces 
material waste, improves resource efficiency, and 
enhances overall system performance. KPIs, such 
as throughput and Overall Equipment Effectiveness 
(OEE), are strongly influenced by the integration of 
defective products [3].

Several researchers have considered that a non-
compliant product may undergo a single rework ac-
tion, then it will be transformed to a conforming one. 
Davis and Kennedy [17], Pillai and Chandrasekharan 
[18], and Chao et al. [19] analyzed production lines 
subject to rework and reject employing absorbing 
Markov chains to assess fabrication costs. Biller et 
al. [20] and Jia et al. [9] examined rework loops in 
transfer lines, with intermediate stock constraints and 
machine breakdowns. In these models, each part 
undergoes inspection; non-conforming parts are re-
worked at the same production stage, not consider-
ing the likelihood of non-compliant parts rejection. 
Becker et al. [21] proposed a revised OEE formula-
tion where each product is inspected and either ac-
cepted, rejected, or reworked once to meet specifi-
cations. In additive manufacturing context, Hajji et 
al. introduced an approximate OEE formulation for 
3D printing, where non-compliant items are either 
reworked before acceptance or scrapped [22]. Arora 
et al. [6] developed an EPQ model to reduce back-
order problems for battery industries considering 
single rework of imperfect batteries and outsourcing.

While all of these previous studies assume a single 
rework attempt, other researchers have considered 
that a non-complied item could go through an end-
less series of rework actions until they conform. Kim-
bler et al. [23] applied absorbing Markov chains to 
analyse a control process where parts exceeding toler-
ance limits undergo rework. Bowling et al. [24], Peng 
and Khasawne [25], and Nesaee and Nezhad [10] 
considered absorbing Markov chains to improve the 
process target for reliable fabrication systems subject 
to scrap and rework. Hadjinicola [26] studied a pro-
duction line with reliable machines and where rework 
occurs at the previous station. Colledani and Angius 
[27] developed a platform for multi-stage fabrication 
lines with halfway stocks, integrating online inspec-
tion and quality monitoring. De Ron and Rooda [28] 
evaluated OEE for a reliable single machine where 
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a non-compliant part is reworked again until it ful-
fils to specifications. Chen [29] analyzed OEE in a 
Taiwanese electronics company producing circuit 
boards under conditions involving rework, scrap, and 
failures. Wudhikarn [30] also evaluated OEE for a 
single machine subjected to failures and rework. Ba-
sak et al. [31] studied OEE in additive manufactur-
ing through simulations, examining how product di-
versity and time constraints affect performance. Hajji 
et al. [32] assessed throughput in manufacturing cells 
where non-compliant items are either reworked or 
scrapped. Based on a simulation approach, Hajji et al. 
[33] compared two quality strategies: the first one let-
ting to rework non-conforming items until they meet 
the specifications versus a second policy scrapping a 
non-conforming item despite it can be reworked.

In conclusion, all the previous studies consider 
only manufacturing systems producing a single prod-
uct type and typically limited to two scenarios: (i) a 
single rework attempt, after which the defective part 
is considered acceptable, or (ii) an infinite number 
of rework cycles. The majority of the proposed for-
mulae allow mainly the assessment of OEE of these 
production systems and rely on approximate meth-
ods, often based on general observations of manu-
facturing processes. However, while single-product 
manufacturing systems deliver high throughput, their 
limited adaptability blocks responsiveness to chang-
ing market demands. To overcome this, manufactur-
ers are increasingly adopting flexible systems capable 
of handling multiple product types to adapt product 
variations and market dynamics. Thus, evaluating the 
performance of these flexible systems is crucial for 
understanding disruptions, enhancing overall per-
formance, and developing efficient production plans 
and budgets. By examining important parameters 
like equipment performance, defect rates, and neces-
sary raw materials, it assists companies in allocating 
resources effectively, cutting expenses, and increas-
ing productivity in a changing market. To the best of 
our knowledge, no study has thoroughly analyzed the 
performance of flexible industrial systems producing 
several product types and prone to random failures, 
repairs, multiple reworks, and reject taking into ac-
count a limited and specific number of rework trials.

This paper's primary contributions are: (I) pro-
posing a modelling method founded on discrete-time 
Markov chain describing the erratic and dynamic 
character of the flexible industrial system under a 
multiple rework quality policy, (II) developing analyt-
ical models to assess several KPIs including through-
put, effectiveness, quality rate, yield, scrapped and 
required raw parts, and (III) designing a simulation 

model mimicking the real behavior of the flexible 
manufacturing system to validate the analytical re-
sults.

3. Manufacturing system description 
and notations

3.1 Manufacturing system overview and 
stochastic/dynamic behavior

This study examines a flexible manufacturing cell 
in which an automated machine handles production, 
inspection, and rework for various product types (Np 
different products) (Figure 1). A CNC machine, a 
PCB solder paste printer, or an additive manufactur-
ing 3D printer can be considered as examples of this 
automated machine.

Each particular product type Pj (j = 1, 2, ..., Np) is 
produced in batches of Lj pieces as required by cus-
tomers, with each part produced within a cycle time 
denoted as tcj. Batches undergo cyclical processing 
(Figure 2) [34].

Each item in batch Lj undergoes conformity in-
spection within the automated machine. In fact, 
100% inspection is increasingly favored over sam-
pling for its reliability in defect detection and quality 
assurance [10], [25]. The inspection delay is part of 
the overall production time. After inspection, a pro-
duced item, belonging to batch Lj, might be in any of 
the listed states:

•	 Accepted: provided the item judged to be good 
and satisfies the necessary requirements.

•	 Reworked with probability αj: provided the 
item is determined to be non-compliant but 
may be able to be made to comply with the 
prerequisite specifications.

•	 Rejected with probability βj: provided the item 
is judged non- compliant and cannot be re-
worked.

For each product type, a non-conforming item 
can undergo a specified number of rework attempts 
(NRj; j = 1, 2, ..., Np) depending on the industrial 
context and as established by departments of quality 
and manufacturing (NRj = 0, 1, 2, …, or ∞). The re-
work process is performed on the production equip-
ment requiring trj time units, which is equal to the 
cycle time tcj.

The production cell is subject to accidental fail-
ures. The probability that the automated machine 
fails (be repaired) through a production/rework cycle, 
when producing a specific product Pj, equals pj (rj).
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3.2 Notations

The notations used in this paper are listed below, 
where indices i, l, and j denote, respectively, the ith 
attempt to rework a non-conforming item, a precise 
state where the production system is located, when 
producing the product type Pj. Further notations are 
defined in the text.
Np		 Number of part types produced by the 
		  flexible manufacturing cell.
tcj		  Item processing time for product type Pj.
Lj		 Order batch quantity (required good parts) 
		  for product type Pj.
pj		 machine failure probability during a 
		 production/rework cycle for product type Pj.
rj		 Reparation probability during a production/
		  rework cycle for product type Pj.
NRj		 number of permitted rework try by item for 
		 product type Pj.
αj		 probability of reworking non-conforming 
		  items for product type Pj.
βj		 probability of scrapping non-conforming 
		  items for product type Pj.
Prl		 The steady state probability of residence of 
		  the flexible manufacturing cell in state l; 

		 where l = GP, FGP, S, FS, Ri, FRi, and 
		  i = 1, 2, …, NRj (see Fig. 3).
Ej		 The effectiveness of the manufacturing cell 
		 when producing product type Pj.
QRj		 The Quality Ratio when producing product 
		  type Pj.
Thj		 The throughput when producing product 
		  type Pj.
NbSPj		 Quantity of rejected items produced 
		  through a specific period Tj for product Pj.
NbRPj		 The amount of raw items utilised through a 
		  specific period Tj for product type Pj.
Yj		 The yield of manufacturing cell when 		
		 producing product type Pj.
E		 The manufacturing cell overall effectiveness.
UTR		 The manufacturing cell operational 	
		  availability.
QR		 The manufacturing cell overall quality ratio.
Th		 Overall production rate or throughput of 
		  the manufacturing cell (per time unit).
NbSP		 Scrapped items produced during a specific 
		 period T.
NbRP		 The raw items utilised by the manufacturing 
		  cell during a specific period T.
Y		 The flexible manufacturing cell overall yield.

Figure 1. Flexible manufacturing system producing multi-products and prone to random failures, scrap, and rework

Figure 2. Workload of an Np products flexible manufacturing system
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4. Modelling methodology for the 
multi-product/multi-rework quality 
strategy

Consider the flexible manufacturing system de-
scribed in section 3. The stochastic and dynamic 
behavior of the industrial system once producing a 
specific product type Pj can be described via the dis-
crete-time Markov chain proposed in figure 3, where 
the cell can evolve from a specific state to the other 
according to a definite probability. When an item is 
discovered to be non-conforming to requirements 
and may be reworked, the manufacturing cell pre-
conceives to rework it up to NRj tries. Nonetheless, 
the produced item will be rejected and discarded if it 
is discovered to be non-conforming to requirements 
and cannot be reworked.

The Markov chain model consists of 2×(NRj + 2) 
states, which are defined as follows:

	- State GP: when the item is deemed good after 
inspection.

	- State S: when the part is non-compliant and 
have to be discarded.

	- State Ri (i = 1, 2, …, NRj): when the item is 
non-compliant and might undergo rework for 
the ith attempt.

	- Failure states: FGP, FS, and FRi, corresponding 
to states GP, S, and Ri, respectively.

To obtain the discrete-time Markov chain’s 
steady-state probabilities, we resolve the steady-state 
equation system characterising the equilibrium state 
in which the state probabilities don't change through-
out time [35]. These formulas come from the bal-
ance equations (1) to (7).

(1)

(2)

(3)

(4)

(5)

Figure 3. Flexible industrial system's Markov chain model while producing a specific product type Pj
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(6)

(7)

This constitutes a set of linear equations who can 
be resolved in addition to the normalization require-
ment   where l = GP, FGP, S, FS, Ri, FRi, 
and i = 1, 2, …, NRj. The 2×(NRj  +  2) states' station-
ary probability are provided by equations (8) to (13).

(8)

(9)

(10)

(11)

(12)

(13)

4.1 Key performance indicators when 
manufacturing a particular product type Pj

For most industrial systems, throughput is a cru-
cial performance metric, representing the long-term 
average production rate. It is mainly influenced by 
the system effectiveness and the cycle time. For the 
studied manufacturing cell, when producing a specif-
ic product Pj, the throughput (Thj) is given by equa-
tion (14) [34].

(14)

In this instance, the production cell effectiveness 
(Ej) is defined by the probability (PrGP) that the cell is 
in the GP state when producing product type Pj. It is 
expressed by equation (15).

(15)

The manufacturing cell availability (UTRj) is cal-
culated using equation (16), omitting epochs during 
which the cell is in a failure condition (Fl with l = GP, 
S, and Ri). One can note that the manufacturing cell 
availability depends only on the reliability and the 
maintainability parameters of the automated produc-
tion machine and not on the products operating and 
quality parameters.

(16)

Given that system effectiveness equals the quality 
ratios multiplied by the availability, the quality ratio 
(Eq. 17) is deduced from equations (15) and (16).

(17)

The suggested Markov model may evaluate other 
KPIs including the number of rejected items (Eq. 
18), the amount of raw parts needed (Eq. 19) through 
a specific period Tj, as well as the manufacturing yield 
(Eq. 20).

(18)

(19)

(20)

It is important to note that since Lj represents the 
quantity ordered by the customer, the total number of 
required good parts for product type Pj corresponds 
to Lj. Hence, the required period (Tj) to produce a 
specific lot size of good parts (Lj) of product type Pj 
can be expressed by equation (21).

(21)

4.2 Key performance indicators for the 
Flexible Manufacturing System

To calculate the KPIs of this multi-product flex-
ible manufacturing system, we consider that the sys-
tem's behavior for each product type Pj is described 
using the Markov chain model proposed in Section 
4.1. The manufacturing cell operates over a global 
time T to produce Np lot sizes of good parts for the 
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required product types; T is the sum of the individual 
periods Tj required to produce a lot size (Lj) of good 
parts of a specific product type Pj. Since Lj represents 
the number of good parts to be produced for product 
Pj, the total quantity of good items made during the 
span T is the sum of all Lj, j = 1, 2, …, Np. 

The manufacturing cell overall throughput is 
the ratio of the produced Np lot sizes of good parts 

 by the total time  where Tj is giv-
en by equation (21) :

1

Given that : 

and  the overall throughput of the 
manufacturing cell will be expressed by equation (22).

(22)
Consequently, the effectiveness of the manufac-

turing cell is given by equations (23).

(23)

The overall quality ratio is given by equation (24) 
since the cell effectiveness is the multiplication of 
quality ratio (QR) and the up time ratio (UTR).

(24)

The entire period T needed to produce the Np 
lot sizes of good parts for the entire product types is 
given by equation (25).

(25)

The overall total quantity of scrapped items man-
ufactured by the industrial cell as well as the required 
raw parts to manufacture the Np lot sizes of good 
parts for the entire product types are given by equa-
tions (26) and (27), respectively.

(26)

(27)

Then, the overall yield is derived from the equa-
tion (28).

(28)

4.3 Specific Cases

The general model developed in this paper can 
be adapted to a wide range of industrial contexts, 
leading to specific quality strategy considered in the 
literature such as the infinite rework attempts and the 
single rework cases. 

The process of filling cans or bottles is a relevant 
example of unlimited rework attempts (NRj = ∞ for 
j = 1, 2, …, Np). During filling, defective items (un-
derfilled, overfilled, or contaminated) are detected 
through quality control. These items are then emp-
tied, potentially cleaned, and refilled. This operation 
can theoretically be repeated indefinitely until the 
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product meets quality standards. This quality strat-
egy has been widely studied in the literature [21, 24, 
31, 32].

Several other studies have examined scenarios in 
which a faulty part is reworked once before becom-
ing a conforming part [9, 19, 21, 22]. This situation 
is commonly observed in the automobile sector, for 
which body panels including paint flaws are frequent-
ly sanded and then repainted [36]. Such situations 
is modelled by assuming that the likelihoods of ad-
ditional rework cycles are zero (αj = 0, βj = 0, and 
NRj = 1).

5. Manufacturing System’s simulation 
model

To validate and confirm the resilience of the 
suggested modelling methodology and the derived 
analytical formulae of the flexible manufacturing sys-
tem’s KPIs, a comprehensive simulation model that 
replicates the probabilistic and stochastic features 
of these production systems has also been designed 
with ARENA software [37].

Hundreds of experimentations were conducted 
by altering the number of manufactured product 
types (Np) and the manufacturing system parameters 
for each product type (tcj, Lj, pj, rj, αj, βj, and NRj). 
For each simulation and each system configuration, 
10 independent replications are conducted, and each 
one runs for 10,000,000×Np time units, depend-
ing on the number of products being processed. A 
warm-up delay of 100,000 time units is included to 
ensure the consistency of the KPIs.

Figure 4 shows the flowchart of the discrete-event 
simulation model, thereby involving six main com-
ponents:
1- INITIALIZATION module: specify product cat-
egories (Np), lot sizes (Lj), production durations (tcj), 
breakdown (pj) and repair (rj) probabilities, scrap-
ping (βj) and reworking (αj) probabilities, and the 
allowed number of reworks (NRj) for each product 
type for each experiment. This phase also assigns the 
statistics that are cleared after the simulation warm-
up time.
2- PRODUCTION module: monitors the flow of 
products and parts over the manufacturing cell. Be-
fore proceeding with the next product type (Pj+1), 
this module ensures that the cell produces exactly 
Lj good parts of the current product Pj. It also inte-
grates the INSPECTION module that inspects every 
manufactured part to verify its conformity (see the 
following INSPECTION module). Seize and release 

actions of the machine are managed in this module.
3- INSPECTION module: inspects each complet-
ed part by sampling rework and scrap probabilities 
based on the product type (Pj) discrete probability 
distribution : αj for rework state, βj for scrap state, 
and (1- αj - βj) for good product state.
4- MAINTENANCE module: samples breakdown 
instants and repair periods for the industrial cell from 
their own probability distributions. Failures and re-
pairs occur according to geometric distributions with 
respective parameters pj and rj.
5- TIME ADVANCE module: advances the time to 
the most imminent event according to the simulator 
clock and a discrete event scheduling plan.
6- UPDATE PERFORMANCE module: records 
the quantity of raw parts injected in the manufactur-
ing cell (NbRP) and required to produce good parts 
(Lj) for each product type (Pj), the quantity of items 
being scrapped (NbSP), the quantity of rework ac-
tions executed during the simulation horizon, and the 
total time during which the manufacturing cell breaks 
down. This allows the assessment of the manufactur-
ing cell effectiveness (E), availability (UTR), quality 
ratio (QR), yield (Y), and throughput (Th).

The simulation comes to an end if the simulation 
time TNOW crosses the simulation horizon.

6. Numerical results analysis and 
discussion

6.1 Analytical versus simulation results

Consider flexible manufacturing systems capable 
of handling Np different product types. To validate 
the proposed modelling methodology, hundreds of 
experiments were conducted by varying the number 
of product types (Np), and the operational, reliability, 
and quality parameters of each manufactured prod-
uct Pj (tcj, Lj, pj, rj, αj, βj, and NRj).

Without loss of generality, table 1 presents a sam-
ple of the analysed cases of flexible manufacturing 
system that can produce up to 10 different products. 
While considering nevertheless realistic parameters, 
all the data have been randomly generated: tcj ∈ 
[10, 25 time units]; Lj ∈ [600, 1000 parts]; rj ∈ [0.01, 
0.35]; the failure probability is computed using the 
equation: pj = (rj × UTR)/(1 - UTR), where UTR = 
70, 80, or 92%; αj ∈ [0.01, 0.22]; βj ∈ [0.01, 0.15]; 
and NRj ∈ [1 to 8 rework attempts].

Three settings have been generated for each 
product type and denoted conf. 1, conf. 2, and conf. 
3, according to a specific availability level of the au-
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Figure 4. Manufacturing system general simulation model

Table 1. Operational, reliability, and quality parameters of the analyzed manufacturing cells
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tomated manufacturing machine (Table 1); conf. 1, 
conf. 2, and conf. 3 correspond to a respective avail-
ability of 70% (low level), 80% (Intermediate level), 
and 92% (High level). For each manufacturing cell 
configuration, N simulation replications were con-
ducted to collect N observations  These 
results are then compared with those obtained from 
the proposed analytical models using the relative er-
ror equation (29).

(29)

where  and  represent, respectively, 
the simulated and the analytical values of a certain 
KPI (Th, E, Y, QR, NbRP, and NbSP).

According to these experiments (Tab. 1), table 2 
highlights the KPIs derived from the proposed an-
alytical formulae and the simulation model for the 
flexible manufacturing cell when producing 1, 2, 3, 
5, 7, 9, and 10 different product types. It also pro-
vides the relative error of each KPI by contrasting the 
simulated and analytical findings (Eq. 29).

The findings in table 2 indicate that the proposed 
analytical models produce negligible relative errors 
for all KPIs when compared to the simulation results 
across all flexible manufacturing cell configurations. 
The mean relative error remains under 0.1% for all 
examined cases, regardless of the number of manu-
factured product types or the operational, quality, 
and reliability parameters.

To ascertain the precision and resilience of the 
proposed analytical equations, hundreds of random-
ly generated configurations where simulated and the 
analytical results where compared to simulation ones 

for each KPI through relative error evaluation (Eq. 
29) and Student's t-test. The null hypothesis (H0) as-
sumes that a specific KPI derived from the analytical 
equation (KPIAnal) is not significantly dissimilar from 
the KPI obtained from the simulation   ( ). At 
a 1-δ confidence level, the null hypothesis is accepted 
if the t-distribution value with ν degrees of freedom 
and a confidence level of 1-δ (i.e., tν,1-δ/2 for two-sided 
tests) exceeds the absolute value of t0, as determined 
by equation (30).

(30)

where 

For N = 10 replications, and δ = 5%, the student’s 
test table gives t9,0.975 = 2.262. Therefore, the hypoth-
esis H0 is accepted if |t0| ≤ 2.262.

The results show that the relative errors are neg-
ligible (less than 0.1%) and that the null hypothesis 
(H0) is accepted for all configurations and all KPIs. 
This validates the proposed modelling methodology 
to assess the performance of multi-product flexible 
manufacturing systems, and confirms the accuracy 
and the robustness of all proposed KPIs analytical 
formulations (E, Th, QR, Y, NbSP, and NbRP).

6.2 QR versus Yield and its impact on the 
manufacturing system throughput

Unlike many researchers studying the productiv-
ity of manufacturing systems such as Nakajima [38], 

Table 2. Analytical versus Simulation results
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De Ron and Rooda [28], Wudhikarn [30], Sousa et 
al. [39], Jaqin et al. [40], Facchinetti and Citterio [41], 
and Stefana et al. [42] presuming that the quality ratio 
(QR) can be estimated by the manufacturing yield (Y) 
(Quantity of compliant items divided by Quantity of 
raw items), the proposed models, already validated 
by simulation, establish that the QR (Eq. 24) is signifi-
cantly different from Y (Eq. 28) that whenever man-
agers of quality and production division implement a 
rework strategy (see Table 2).

Appendix A demonstrates that the yield (Y) is 
strictly superior to the quality ratio (QR). According-
ly, considering the manufacturing yield instead of the 
quality ratio overestimates the real throughput and 
effectiveness of the flexible manufacturing systems. 
For instance, in the case where the system processes 
2 (10) different product types and considering an 
availability of 80% (conf. 2) (70% (conf. 1)) (Tab. 2), 
the production system throughput assessed using the 
yield overestimates by more than 14% (8%) the effec-
tive throughput calculated from equation (22) based 
on the quality ratio.

In order to analyze the difference between Y 
and QR, consider the case where the manufacturing 
system processes 2 different product types (conf. 2) 
(Tab. 2). Table 3 illustrates the relative errors ε (Eq. 
31) produced by contrasting the quality ratio to the 
yield when varying quality parameters (1) NR1 and α1 
only for product 1, (2) NR2 and α2 only for product 2, 
and (3) NR1, NR2, α1 and α2 simultaneously for both 
products 1 and 2.

(31)

The results show that this difference increases 
with the probabilities of rework attempt (αj) and the 
allowed number of rework attempts (NRj) that a non-
conforming item may experience. 

7. Conclusion

This paper introduces a novel modelling ap-
proach and analytical models for accurate assessing 
KPIs of multi-product flexible manufacturing systems 
susceptible to to random breakdowns and quality dis-
turbances. The proposed models deal with situations 
in which the manufacturing system produces con-
forming parts while managing rework and scrap after 
inspection. The number of rework tries is predefined 
by the departments of quality and production.

A discrete-time Markov chain approach is em-
ployed to develop analytical models that capture 
various KPIs, including the system throughput, effec-
tiveness, yield, quality ratio, and the amounts of dis-
carded, and required raw items. From the proposed 
model, several specific cases relevant to different 
industrial contexts are derived, such as the ‘infinite 
number of rework attempts’ and the ‘single rework 
attempt’ scenarios.

In addition to the analytical models, a general 
simulation model was created, and hundreds of ex-
periments have been conducted by varying the num-
ber of treated product types, and the products and 
equipment parameters, such as fabricating times, 
lot dimensions, breakdown and repair probabili-
ties, probabilities of rework and rejection, together 
with the permitted number of rework tries. The re-
sults show that all proposed KPIs analytical models 
generate negligible errors, less than 0.1%, and that 
Student's t-test confirm that the KPIs derived from 
the analytical formulae are not significantly different 
from those obtained by the simulation model. These 
findings demonstrate the truthfulness and resilience 
of the proposed models.

This study moreover reveals that the quality ratio 
and yield are not comparable, in contrast to many 
system effectiveness studies that presume or es-
timate that they are. The findings indicate that the 
true throughput and effectiveness of these flexible 

Table 3. Multi-product manufacturing system: Quality ratio (QR) versus yield (Y)

               (1) varying NR1 and α1 	                       (2) varying NR2 and α2 	                (3) varying NR1, NR2, α1, and α2
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manufacturing systems are overestimated by up to 
14% when the production yield is taken into account 
rather than the quality ratio.

In actuality, precise evaluation of these manufac-
turing systems' performance is essential to efficient 
budgeting and production planning.  It assists compa-
nies in effectively allocating resources, cutting expens-
es, and enhancing productivity in a dynamic market 
through the analysis of key performance metrics.

In the constantly evolving manufacturing land-
scape, this comprehensive approach to modelling 
irregular production, failures, repairs, and rework-
ing of non-conforming components constitutes a sig-
nificant step forward in achieving more precise and 
effective results. However, opportunities for further 
improvement remain. For example, extending this 
work to more complex flexible manufacturing sys-
tems - loading and unloading units, automatic tool 
change mechanism, and multi-machine manufactur-
ing systems - could provide deeper insights and better 
enhance their realism and applicability in industrial 
contexts. Furthermore, more study should concen-
trate on extending the suggested models to take into 
consideration carbon emissions, energy-resource ef-
ficiency, and their environmental effects within the 
global framework of sustainability and Industry 5.0.
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